Context. Solar sectoral Rossby waves have only recently been unambiguously identified in Helioseimsic and Magnetic Imager (HMI) and Michelson Doppler Imager (MDI) maps of flows near the solar surface. So far this has not been done with the Global Oscillation Network Group (GONG) ground-based observations, which have different noise properties. Aims. We utilize 17 years of GONG++ data, to identify and characterize solar Rossby waves using ring-diagram helioseismology. We compare directly with HMI ring-diagram analysis. Methods. Maps of the radial vorticity are obtained for flows within the top 2 Mm of the surface for 17 years of GONG++. The data is corrected for systematic effects including the annual periodicity related to the B 0 angle. We then compute the Fourier components of the radial vorticity of the flows in the co-rotating frame. We perform the same analysis on the HMI data that overlap in time.
Introduction
recently discovered solar global-scale Rossby waves (or r modes) in the SDO/HMI surface flow field using correlation tracking of granulation and helioseismic ringdiagram analysis. The Rossby waves are potentially important as they could be probes of the deep convection zone. Liang et al. (2019) confirmed this result using time-distance helioseismology applied to both HMI and SOHO/MDI observations. It has yet to be seen how well the r modes show in the GONG++ ringdiagram data. This is the goal of this study.
In the first Rossby wave findings, Löptien et al. (2018) generated radial vorticity maps from flows maps measured by local correlation tracking of granules (LCT, Welsch et al. 2004; Fisher & Welsch 2008 ) and ring-diagram analysis (RDA, Hill 1988) . They found that the sectoral r-mode spectrum closely follows the standard theoretical dispersion relation ω = −2Ω eq /(m + 1), where Ω eq /2π = 453.1 nHz is the equatorial rotation rate and m is the azimuthal order (see, e.g., Saio 1982) . Liang et al. (2019) confirmed the results of Löptien et al. (2018) using time-distance helioseismology on the meridional component u y of the horizontal flow near the equator. Unlike Löptien et al. (2018) , who imaged near surface layers, Liang et al. (2019) imaged at a depth of 0.91 R . They used 21 years of data spanning both the observation sets of MDI and HMI from 1996 to 2017 . Meanwhile, Hanasoge & Mandal (2019 provided another independent means of detecting solar r modes, through the use of normal-mode coupling in two years of HMI data. Additionally, Proxauf et al. (2019) investigated the latitudinal and depth dependence of the r modes using HMI ring-diagram analysis. Finally, in an effort to assess the accuracy of machine learning techniques for ringdiagram analysis, Alshehhi et al. (2019) used r modes as a litmus test on the suitability of this new technique for helioseismic inversions.
In this study we aim to contribute to this growing literature on solar Rossby waves, with an analysis of the 17 years of data from GONG++ and compare a subset of it to the overlapping observations of HMI. We will focus on using the RDA products from both the GONG++ and HMI pipelines. The GONG++ data is interesting for solar r-mode characterization for two reasons. Firstly, the GONG data and HMI data overlap since 2010, enabling the direct comparison of two data sets produced by similar pipelines, but with different noise properties. Secondly, while Liang et al. (2019) merged the MDI (14 years) and HMI (7 years) data to create a combined 21 years of data, the GONG++ data should be uniform for 17 years. In this study we explore the signature of the solar r modes in the GONG++ data and report differences with the HMI data.
Data analysis and results

Ring-diagram analysis
We use ring-diagram flow maps generated by the GONG++ pipeline from September 2001 to February 2019. The pipeline follows the method outlined in Corbard et al. (2003) , whereby Article number, page 1 of 6 arXiv:2002.01194v1 [astro-ph.SR] 4 Feb 2020 A&A proofs: manuscript no. main flows are computed from the p-mode frequency shifts extracted from tracked patches (tiles) of the Doppler velocity. These patches are tracked across a transverse cylindrical equidistant projection of the solar disk for approximately 27 hours, following the Snodgrass rotation profile (e.g. Eq. 3 of Corbard et al. 2003) . For every day of tracking there are 189 tiles across the solar disk.
For each tile, the two horizontal components of the flows in the x (prograde) and y (northward) directions, (u x , u y ), are computed as follows:
-A 2D cosine bell apodization is applied to a 16 • × 16 • square patch, to obtain a circular tile of radius 15 • . -For each data cube of the Doppler velocity Ψ(x, y, t), a 3D
Fourier transform is performed to generate spectral cubes Ψ(k x , k y , ω), from which the power spectrum P(k x , k y , ω) = | Ψ(k x , k y , ω)| 2 is computed. -For each fixed wave number k = (k 2
x +k 2 y ) 1/2 , a cylindrical cut through the power spectrum is made to generate P k (ϑ, ω), where ϑ is the angle between the wave vector and the prograde direction (Bogart et al. 1995) .
-In the absence of flows, acoustic modes appear as horizontal ridges in P k (ϑ, ω). The presence of flows causes Doppler frequency shifts that depend on the magnitude and direction of flow. The observed ridges are fit with a six parameter Lorentzian-like model (e.g. Haber et al. 2000) . -For each p-mode radial order n and wave number k, two flow parameters (U x , U y ) are extracted from the data. The physical flow (u x , u y ) at a particular depth in the interior is inferred by inverting the set of measured parameters. In the current study we restrict our attention to the flows at a depth of 2 Mm.
Sectoral power spectra of radial vorticity
With the horizontal flow components for each tile computed, we then construct longitude-latitude maps following the procedure outlined by Löptien et al. (2018) . We remove the one year periodicity from each tile which arises primarily from center-to-limb effects that vary with the B 0 , and from a small error in the accepted inclination angle of the solar rotation axis (Beck & Giles 2005;  Hathaway & Rightmire 2010), using Eq. A.5 of Liang et al. (2019) . The model consists of five components, accounting for time-invariant effects and effects with one-year periods. With these systematics removed, we then remap the flow maps in a longitude-latitude frame that rotates at the equatorial rotation rate (453.1 nHz), as was done by Löptien et al. (2018) . Finally, the radial vorticity, ζ, is computed.
The sectoral power spectrum of the radial vorticity ζ for the azimuthal order m is computed through
where T is the observation duration, θ is the colatitude, and φ is the longitude. In obtaining the above expression we used the fact that the sectoral spherical harmonic Y m m (θ, φ) is proportional to (sin θ) m e imφ . Figure 1 shows the power spectrum computed from the 17 years of GONG++ data. We have shown the power spectrum rebinned to one third of the frequency resolution. Similar to previous studies, we clearly identify the r modes which follow the theoretical dispersion relation. Each m is normalized to the mean power between −500 and 100 nHz. For clarity we plot power spectrum rebinned by a factor 3 in frequency. The red line shows the theoretical dispersion relation for sectoral Rossby waves given in the text. While a m = 1 r mode seems to be present, it is likely low-frequency power leaked from m = 0.
Interestingly, while m = 2 mode is absent in the spectrum (see also Liang et al. 2019 , for a discussion), it appears that there is a peak near the expected frequency of the m = 1 mode in Figure 1 . In order to further investigate this, we perform the same preprocessing on synthetic data (see Appendix A). The synthetics show that any yearly variation signal will leak into m = 1 due to the partial coverage of the solar surface (window function). Using the annual variation model of Liang et al. (2019) , this leaked signal is removed in our processing. The apparent signal present in m = 1 of Fig. 1 coincides with leakage from low frequency power in m = 0 and is likely not a true m = 1 r mode.
Rossby Mode parameters.
In this section we seek to characterize the r-mode spectrum. The vorticity power spectrum is fit for each of the Rossby modes m m
[nHz] 
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Table 1: The Rossby mode fit parameters for the GONG++ vorticity power spectrum from 2001 to 2019. The fit for each mode m was performed in a frequency interval of size 600 nHz, which was stable for our chosen fitting method, centered on the reference frequency −2Ω eq /(m + 1)/2π. The 68% confidence intervals are included for each fit parameter. The mode frequencies are measured in the co-rotating frame (rotation rate 453.1 nHz). Negative frequencies indicate retrograde propagation.
assuming the functional form of the Lorentzian,
where S is the mode amplitude, ω 0 is the mode frequency, Γ is the full width at half maximum, N is the background noise of the spectrum and λ λ λ = {S , ω 0 , Γ, N}. The probability density function of the vorticity power spectrum is exponential. As such, the estimates on the parameters λ λ λ for each mode are determined by minimizing the negative of the log-likelihood function,
where ω k is the k-th frequency bin within the frequency range of interest, consisting of K bins. We use a semi-empirical approach to compute the Hessian and thus the errors on the fit (see Toutain & Appourchaux 1994) . The fit for each mode is performed in the frequency range ±300 nHz from the theoretical dispersion relation. Table 1 lists the fit parameters and their error for the 17 year GONG++ RDA r-mode power spectrum. The m = 1 peak is not listed in the table. Its frequency coincides where low frequency m = 0 power should leak through (421.41 nHz) and has a much smaller amplitude than the other modes. The fit for m = 2 was not performed due to the absence of any signal.
Comparing GONG++ and HMI
In this section we compare the r-mode power spectrum derived from the respective RDA flow map pipelines of HMI and GONG++, for a shared observation period between May 2010 and December 2018. Figure 2 compares the GONG++ and HMI r-mode power spectra for the shared observational period. These results show that while the noise is different, the mode power spectra are in general agreement. The amplitudes of GONG++ and HMI r-mode signals are close, with the GONG++ having a greater background noise. For m > 8 the mode power in the GONG++ data becomes noticably smaller. Figure 3 compares the measured frequencies, line widths, vorticity amplitudes and S /N ratios between four different data sets. The data sets include GONG++ and HMI ring diagrams with overlapping observation time, the travel-time results of Liang et al. (2019) derived from time-distance helioseismology, and the LCT results of Löptien et al. (2018) . These results show that within error bars the reported mode frequencies and line widths agree for m ≤ 9. For m ≥ 10 the mode frequencies tend not to agree, with the time-distance results of Liang et al. (2019) being shifted towards smaller negative frequencies, while the HMI RDA data analyzed here tends to have greater negative frequencies. In terms of line width, the four spectra tend to be in agreement for all m, though the large reported errors make it difficult to make any strong conclusions on this characteristic of the modes. The HMI and GONG++ RDA mode amplitudes are within error limits for m ≤ 10. But, for higher order modes HMI data has a greater amplitude by a factor two. Comparing the S /N ratios, shows that in general the ratio is greater in HMI RDA than GONG++ RDA by a factor of two for m < 8, are similar from m = 8 to m = 11, and are greater again for higher order modes. Our results also show that the S /N ratios are significantly higher in ring-diagram data than in travel-time measurements (Liang et al. 2019 ).
Discussion and conclusions
We have utilized 17 years of observations from the ground based GONG program to characterize solar equatorial Rossby waves. Using ring diagram analysis from the GONG++ pipeline, we have clearly identified the solar Rossby waves in the sectoral power spectra of the radial vorticity maps.
Like previous studies we have found that the m ≤ 2 r modes are absent from the data. An apparent m = 1 peak appears in the power spectra but we conclude that this peak is leaked through from low frequency power in m = 0. The synthetics show that a dipole r mode will appear as two peaks separated by 2×31.7 nHz due to leakage. No such configuration is seen in the solar spectrum.
With 17 years of near continuous data, we measured the Rossby mode characteristics. We find that our results, for the period during which GONG++ and HMI data overlap, agree with both Löptien et al. (2018) and Liang et al. (2019) for 4 ≤ m ≤ 9. For m > 9 modes the GONG++ r-mode frequencies are only in agreement with Löptien et al. (2018) . This is due to the chosen method for computing the r-mode spectrum. We have found that if we also compute the spectrum through the Fourier transform of u y at the equator, the frequencies agree with Liang et al. (2019) . These discrepancies arise for high m, because the latitudinal eigenfunctions of the r-modes are not sectoral spherical harmonic functions (Proxauf et al. 2019) . Our analysis also suggests that this choice in latitudinal basis function contributes to the small discrepancy for m = 3. The amplitudes from the GONG++ and HMI RDA are within errorbars for m ≤ 10. For higher-order modes the HMI RDA amplitudes are greater than GONG++ by a factor of two. The measured S /N ratios of modes in GONG++ RDA power spectra are in the range between 5 and 45. This shows the suitability of the GONG++ data for future studies of global-scale Rossby waves. We note we do not detect any mode in the m = 2 sectoral power spectrum, which is coherent with previous studies.
In this study we have focused on only one depth (2 Mm), and measured the mode characteristics for the entire 17 (or 8) year time series. We have found good agreement with HMI, despite the lower S /N ratios in the GONG++ data. The advantage that GONG++ data has over other data sets is the long and uniform observation window. The next stages for Rossby wave studies should focus on the temporal variation of the waves. With the long time series of GONG shown in this study, and the combined HMI and MDI time series of Liang et al. (2019) , the temporal de- pendence of r-modes could be investigated with two independent data sets.
Appendix A: Synthetics
In order to quantify the effects of systematics, we generate synthetic Rossby waves and analyze the effects of our data processing (Sec. 2) and the window function due to partial coverage of the Sun. For the functional form of the Rossby waves, we assume they are purely horizontal and obey mass conservation. The flow components (u m θ , u m φ ) of a sectoral r mode of azimuthal order m are defined by,
where σ m = −2Ω eq /(m + 1) and A = 1 m/s. Here, Γ/2π is chosen to be 10 nHz. For a single ring-diagram tile the flow components u x and u y can be identified with u φ and −u θ , respectively. The horizontal flow field within a single tile centered at co-latitude θ and longitude φ is then computed by summing the individual r modes:
The radial vorticity ζ is then computed through;
where we added a signal with a yearly period (2π/ω ⊕ = 1 year) to emulate the annual systematic error that is present in RDA (e.g. Komm et al. 2015) . We limit ourselves to a sum of M = 15 modes.
Using Eq. A.1, we compute the flows in each 15 • tile, across the solar surface. We then examine three cases: 1) An ideal case where we have tiles across the entire solar surface at all times. 2) The realistic case when we only have tiles observed by GONG on the visible disk, but no annual variation is removed. 3) The same as the previous case, except after the performing the processing outlined in this paper (e.g. temporal systematic removal). Figure A .1 shows the sectoral power spectra of the radial vorticity for these three cases. In the ideal case, where the entire sun is observed, we see a clean spectrum without aliasing. In the realistic case (2), there is leakage of modes into their neighbouring modes, albeit at frequencies ±421.54 nHz from the central frequency. For the ridge of concern to us, the most significant effect is the leakage into m = 1. After treatment, the annual variation and its leakage disappears, leaving the m = 1 r-modes and associated leakage. The green arrows highlight the effects the window has on m = 1 power.
